ABSTRACT. We prove two one-parameter q-series identities which specialize to four weighted partition identities. Three of the weighted partition identities have coefficients which are divisor sums. The other is an identity originally due to Alladi whose right side is Gauss's triangular number series. Some of the proofs depend on q-series results related to the arithmetic of Q[ √ 2] due to Lovejoy and due to Corson, Favero, Liesinger and Zubairy.
INTRODUCTION
Many authors have studied weighted counts of partitions. Alladi [1] , [2] was the first to undertake a systemic study of weighted partition identities. Fokkink, Fokkink and Wang [10] proved the following Theorem 1.1. Let D denote the set of partitions π into distinct parts. Then where #(π) is the number of parts of π, s(π) is the smallest part of π, |π| is the sum of parts of π, and d(n) is the number of divisors of n.
Andrews [5] gave a short proof of this theorem using the q-analog of Gauss's theorem [4, Cor. 2.4, p. 20] by showing that (1.2)
Here we are using the standard q-notation (a; q) n = (1 − a)(1 − aq) · · · (1 − aq n−1 ).
The case z = 1 of (1.4) was observed earlier by Alladi [3, Eq. (6.8), p.352]. The other cases z = ±1 of our theorem also lead to some interesting weighted partition theorems. Let P o be the set of partitions in which all parts except possibly the largest part are odd and all odd positive integers less than or equal to the largest part occur as parts. Similarly let P e be the set of partitions in which all parts except possibly the largest part are even and all even positive integers less than or equal to the largest part occur as parts. For a partition π we let O (π) be the largest odd part and E (π) be the largest even part with the convention that E (π) = 0 if π has no even parts. We define four partition weights:
where d 8,1 (n) is the number of divisors of n congruent to ±1 (mod 8) minus the number of divisors of n congruent to ±3 (mod 8). We illustrate Corollary 1.3 with some examples.
Example 1.4. We illustrate (i) and (ii) when n = 9.
Example 1.5. We illustrate (iii) and (iv) when n = 15.
as expected since 15 is a triangular number. Also we have 
and (2.3)
From (2.1) and (2.3) we see that (1.3) is equivalent to
We start with the left side of (2.4)
Next we consider the right side of (2.4)
By equating coefficients of z m , dividing by (q 2 ; q 2 ) m−1 , and using (2.5) and (2.7) we see that (2.4) is equivalent to showing that (2.8)
for m ≥ 1. To prove this we multiply by z m and sum. 
We have 
Therefore by (2.9), (2.10), (2.11)
and we have (2.8) for m ≥ 1. This completes the proof of (1.3).
Proof of (1.4).
By replacing z by zq −1 we see that (1.4) is equivalent to (2.12)
which gives (2.12) and completes the proof of (1.4).
PROOF OF COROLLARY 1.3
We examine the left side of (1.3).
In the sum observe that 2k 
Combining this result with [12, Theorem 1.1, p.179] we find that
which gives Corollary 1.3(ii). Proceeding as in (3.1) we find that
This time we note that any partition π, into ones is an element of P e and satisfies E (π) = 0. This explains the n = 0 term in the sum on the left side of (3.1). So letting z = 1 in (1.4) we have 
